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Abstract: This study examines black hole thermodynamics in charged, non-rotating Anti-de 

Sitter (AdS) space influenced by Non-Linear Electrodynamics (NED). It analyzes the metric solution, 

Hawking temperature, and specific heat, highlighting phase transitions and critical points that affect 

ЭСОrЦШНвЧКЦТМ sЭКЛТХТЭв, rОЯОКХТЧР NED’s sТРЧificant impact on black hole behavior. 

Key words: Black holes, thermodynamic, event horizon, NED, charge, AdS.  

 

Introduction. Black hole thermodynamics is a key area of study that links gravitation, quantum 

theory, and thermodynamics. In Anti-de Sitter (AdS) space, incorporating Non-Linear 

EХОМЭrШНвЧКЦТМs (NED) КННs ХКвОrs ШП МШЦpХОбТЭв, КХЭОrТЧР ЛШЭС ЭСО ЛХКМФ СШХО’s ЦОЭrТМ КЧН 
thermodynamic characteristics [1-2]. This research focuses on charged, non-rotating black holes in 

AdS space, analyzing how NED influences their thermodynamic behavior. 

TСО ЛХКМФ СШХО’s ЦОЭrТМ ПЮЧМЭТШЧ pХКвs К МОЧЭrКХ rШХО ТЧ ЮЧНОrsЭКЧНТЧР ТЭs ЭСОrЦШНвЧКЦТМs Д3Жғ 
This modified metric is vital for calculating thermodynamic properties like Hawking temperature and 

specific heat. The HКаФТЧР ЭОЦpОrКЭЮrО, ХТЧФОН ЭШ ЭСО ЛХКМФ СШХО’s sЮrПКМО РrКЯТЭв, Тs ОssОЧЭТКХ ТЧ 
determining the thermal radiation emitted by the black hole. 

TСО spОМТПТМ СОКЭ Тs КХsШ КЧКХвгОН ЭШ КssОss ЭСО ЛХКМФ СШХО’s sЭКЛТХТЭвғ IЭ rОЯОКХs МrТЭТМКХ pШТЧЭs 
where phase trКЧsТЭТШЧs ШММЮr, sТРЧТПвТЧР МСКЧРОs ТЧ ЭСО ЛХКМФ СШХО’s sЭКЛТХТЭв Д4Жғ  

In this work, we adopt the signature ሺ−, +, +, +ሻ for the space-time and utilize the unit system 

where ܩ = ܿ = ͳ. However, in our expressions related to astrophysical applications, we explicitly 

include the speed of light. The Latin indices span from 1 to 3 , while the Greek indices range from 0 

to 3[5] . 

Action Integral. 
For a charged, non-rotating (static) Anti-de Sitter (AdS) black hole, the action integral is given 

by: ܵ = ∫  ݀ସݔ√−݃ (ܴ − ʹΛͳ͸ߨ + ℒN୉ୈ) ሺͳሻ 
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where ݃ is the determinant of the metric, ܴ is the Ricci scalar, Λ is the cosmological constant, 

and ℒNED  represents the Lagrangian of Non-Linear Electrodynamics (NED). 

 For a spherically symmetric black hole, the Ricci scalar is expressed as: ܴ = − ଶݎʹ (ͳ − ݂ሺݎሻ − ݂ݎ ’ሺݎሻ) ሺʹሻ 

where ݂ሺݎሻ is the metric function to be determined by solving the Einstein equations. 

The metric for a charged, non-rotating AdS black hole under the conditions of Non-Linear 

Electrodynamics is given by[6-7]: ݀ݏଶ = −݂ሺݎሻ݀ݐଶ + ሻݎଶ݂ሺݎ݀ + ଶሺ݀�ଶݎ + sinଶ �݀�ଶሻ ሺ͵ሻ 

where the metric function ݂ሺݎሻ is ݂ሺݎሻ = ͳ − ݎܯʹ + ଶݎଶݍ − Λݎଶ͵ ሺͶሻ 

with ܯ being the mass of the black hole, ݍ its charge, and Λ the cosmological constant, which is 

related to the AdS pressure ܲ by 

 ܲ = − Λͅߨ ሺͷሻ 

 
Fig. 1: Radial dependence of lapse function ݂ሺݎሻ for varying values of ݍ and Λ. 

In Fig.1 shows the behavior of the metric function ݂ሺݎሻ as a function of radial distance ݎ, 

comparing different black hole charge values ݍ with a fixed cosmological constant Λ = −ͳ. The 

Schwarzschild black hole ሺݍ = Ͳሻ is included for reference. 

Thermodynamics of AdS BH. 

The Hawking temperature ܶ of the black hole is related to the surface gravity at the event horizon ݎℎ and can be expressed as[8]: ܶ = ݂ ’ሺݎℎሻͶߨ = − ଶݍ͵ − ݎܯ͵ + ଷݎߨସΛ͸ݎ ሺ͸ሻ 

The entropy of the black hole is proportional to the area of the event horizon, as per the 

Bekenstein-Hawking entropy formula: ܵ = Ͷܣ = ℎଶݎߨ ሺ͹ሻ 

The specific heat at constant charge ܥ is defined as: ܥ = ܶ (߲߲ܵܶ) ሺͺሻ 

Since ܵ = ℎݎ߲߲ܵ :ℎଶ, we haveݎߨ = ℎݎߨʹ ሺͻሻ 

Next, we need to differentiate the temperature ܶ from ݎℎ. From the temperature expression [15-

ܥ :[16 = ଶݍ͵ଶሺݎߨʹ − ݎܯ͵ + ݎܯସΛሻ͸ݎ − ͻݍଶ + ସΛݎ ሺͳͲሻ 



315 

 

 
Fig. 2: The vertical axis represents the heat capacity ܥ, while the horizontal axis represents the 

event horizon radius ݎℎ 

In Fig. 2, the Schwarzschild black hole shows a relatively smooth behavior with negative heat 

capacity, decreasing gradually as ݎℎ increases. The appearance of these divergences for charged black 

holes contrasts with the smoother behavior of the Schwarzschild black hole, which does not exhibit 

such transitions in this region. Physically, this means that the black hole undergoes a second-order 

phase transition. Then, this phase transition leads the black hole to move from the stable phase ሺܥ >Ͳሻ to the unstable phase ሺܥ < Ͳሻ.  � − � Criticality. 

The ܲ − ܸ criticality of black holes shows an analogy to Van der Waals fluids, where phase 

transitions occur between small and large black holes[9]. The equation for temperature is: ܶ = ݂ ’ሺݎℎሻͶߨ = − ଶݍ͵ − ݎܯ͵ + ଷݎߨସΛ͸ݎ ሺͳͳሻܲ = ͵ሺݍଶ − ݎܯ + ସݎଷܶሻݎߨʹ ሺͳʹሻ 

This formula represents the pressure ܲ inside the black hole system, also depending on the charge ݍ, the black hole mass ܯ, and the temperature ܶ[10]. (߲߲ܸܲ)் = Ͳ,  ቆ߲ଶ߲ܸܲଶቇ் = Ͳ ሺͳ͵ሻ 

To find the critical points, these two conditions are used. The first condition Eq. 13 ensures that 

the pressure is stationary concerning the volume ܸ at constant temperature ܶ. The second condition 

Eq. 13 ensures that the system is at a point of inflection, which corresponds to the critical point of a 

phase transition. 

Solving these equations gives the critical radius ݎ�, pressure �ܲ, temperature �ܶ, and volume �ܸ. 

For a Reissner-NШrНsЭröЦ AНS ЛХКМФ СШХО, ЭСО МrТЭТМКХ ЯКХЮОs КrО: ݎ� = √͸ݍ,  �ܲ = ͳͻ͸ݍߨଶ ,  �ܶ = √͸ͳͺݍߨ ,  �ܸ = ͺ√͸ݍߨଷ͵ ሺͳͶሻ 

The equations provide the thermodynamic behavior of a charged black hole in AdS space, 

defining how temperature, pressure, and volume interact at critical points. These critical points are 

associated with phase transitions, such as the ones between small and large black holes, analogous to 

the liquid-gas phase transitions in conventional thermodynamics. The formulas describe the 

rОХКЭТШЧsСТps ЛОЭаООЧ ЭСО ЛХКМФ СШХО’s pСвsТМКХ pКrКЦОЭОrs ХТФО ЦКss, МСКrРО, КЧН ЭСО МШsЦШХШРТМКХ 
constant Λ, and how these contribute to its thermodynamic properties. 

Conclusion. In this paper, we investigated the thermodynamic properties and P-V criticality of 

charged, non-rotating black holes in AdS space under Non-Linear Electrodynamics (NED). Our 

findings reveal that these black holes exhibit phase transitions similar to Van der Waals fluids. 

Analyzing the Hawking temperature and specific heat allowed us to identify critical points, showing 

ЭСКЭ NED sТРЧТПТМКЧЭХв КППОМЭs ЭСО ЛХКМФ СШХО’s ЭСОrЦШНвЧКЦТМ sЭКЛТХТЭв КЧН pСКsО sЭrЮМЭЮre in AdS 

space. 
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Abstract: Wolfram Mathematica has proven to be a powerful tool in astrophysics due to its 

extensive capabilities in symbolic computation, numerical analysis, and data visualization. Its ability 

to solve complex differential equations, simulate physical systems, and visualize multidimensional 

datasets makes it a valuable asset for theoretical and observational astrophysicists. The present paper 

ЛrТОПХв ОбpХШrОs ЭСО ЯКrТШЮs КppХТМКЭТШЧs ШП εКЭСОЦКЭТМК ТЧ КsЭrШpСвsТМs, ТЧМХЮНТЧР sШХЯТЧР EТЧsЭОТЧ’s 
field equations, modeling stellar dynamics, simulating cosmological phenomena, and analyzing data 

ПrШЦ КsЭrШЧШЦТМКХ ШЛsОrЯКЭТШЧsғ FЮrЭСОrЦШrО, аО СТРСХТРСЭ εКЭСОЦКЭТМК’s rШХО ТЧ sТЦpХТПвТЧР ЭСО 
intricate mathematics involved in these tasks and its contributions to advancing our understanding of 

the universe. 

Keywords: Wolfram Mathematica, Astrophysics, Einstein equations 

 

Astrophysics is a field that heavily relies on mathematical models to explain and predict cosmic 

phenomena. From the movement of celestial bodies to the properties of black holes and the expansion 

of the universe, astrophysical research requires solving highly complex equations, analyzing large 

datasets, and visualizing multidimensional information. Wolfram Mathematica, with its powerful 

symbolic and numerical computation capabilities, has become an indispensable tool in these areas 
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